
USE OF BIVARIATE K-STATISTICS IN

FIXING QUALITY STANDARDS FOR
MARKET MILK

By M. V. R. Sastry

Institute of Agricultural Research Statistics

1. Introduction

With a view to reviewing the existing quality standards for market
milk data genuine milk samples of individual cows and buffaloes
were collected from Punjab, Bihar and W. Bengal under schemes of
Indian Council of Agricultural Research. The only rational approach
to the problem of fixing tolerance limits for any characteristic of milk
is one based on the study of the statistical distribution of that charac
teristic in genuine samples of milk. Appropriate Pearsonian
curves were fitted to the data for each of the characteristics butter-fat,
density and solids-not-fat content and tolerance limits at different
levels were estimated.^ However market milk is often not the product
of a single animal but a pooled product of several animals. Standards
fixed for milk from individual animals need not apply to the ' bulk'
milk. In fact standards set for individual animals will be less stringent
when applied to ' bulk' milk and thus there is a danger that substandard
milk will be accepted more often than the proportion agreed upon.
It is thus necessary to develop standards for ' bulk' milk. A method
for estimating such standards from data for individual samples using
bivariate ^T-statistics is given with illustrations from a part of the
data collected under the Council schemes referred to above. Simple but
more approximate methods for estimating the tolerance limits have
also been discussed.

2. Notations

J5r-statistics were first introduced by R. A. Fisher in 1928. In
his paper^ properties of ^T-statistics and methods "for obtaining the
product moments and cumulants were given. The following notations
adopted by him will be used in the present paper.

Suppose we have a set of :x:'s XiJCa:>C3 and j's yiy^ • • • Jn-
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Symmetrical sums

Xi + X2+ ... + .*;„ = •S'lo

+ J2 + • • • + Jn = -S-oi

xiyi + ^2^2 + Xsys + ... + x„y„ =

In general,

Xi'yi" + ^2''.V2' + • • • + x/y„'' =

^T-statistics are symmetric functions of the observations and are
such that

EKio = k^Q, EKqi = kfji, EKi-i = Ar]], etc.,

where fcio, fcoiJ ^n> are population cumulants.

e.g.,

IT _ ^10 V _ "^01
^10 - — . ^01 - —

~ _ 1) ("•S'li ~ 'S'lo'S'oi)) etc.
Also

E (K^i —k^i) (^10 —^10) is denoted by

Em,iK^„-{K,,-k,,)] =k(^.

3. Estimation Procedure

Let X and y be two interrelated variates corresponding to milk
yield and butter-fat respectively.

Let Xj^X2X3 ... be the milk yields of cows of a herd of size n.

Let j'lj'aj'g ... Jn be the corresponding values of butter-fat content.

The average butter-fat content, y, for the herd milk under considera
tion is the total fat content divided by the total milk yield. Hence

^ + X2y2 + x^ys + ... + x„y„ n n
+ ^2 + ^3 + • • • +

Equation 3.1 can be written as

.y = ~- (3.2)
>^10
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This canfurther beexpressed in terms ofbivariate ^-statistics asfollows:

Olo n Ji-io

Quality standard or tolerance limit for the characteristic butter-fat
of the herd milk sample is the deviate of the distribution of y at the
desired level.

Moments of y distribution can be expressed in .terms of the
moments and product moments of the joint distribution of x and y;
assuming such moments exist. From such moments cumulants of
y distribution can be estimated approximately. Finally following
the procedure given by Cornish and Fisher® the deviates of the distri
bution of can be estimated, utilizing the estimates of cumulants
of y.

4. Moments of ^-Distribution

First Raw Moment, jUi'.—Taking expectations of the equation (3.3)
/Lti' can be expressed as

f,,' =Ey =EK., +^^E§> (4.1)
n iVio

EKn = itoi where is to be noted as the cumulant.
K
~ can be written as
•'̂ lO

^ ^1 _L ~ (1 _L -^10 ^ ^loY^ (4.2)
fclO N ^11 ^ ^ ^10 /

where K^, etc., are bivariate. isT-statistics and k^o, etc., are
bivariate population cumulants. The expression (4.2) can further be
expanded as

—fcjiN /i ^10 ^10 I Kif) —kio^kyi —^n\ (i _ ^10 ~ ^10
Jy ^10 -10^

_ -tMo ~ ^ (4 3)
fcio® /

Kin ki
^ a
no

Considering terms up to cubic order in the binomial, expansion.

Since
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- A:xi) {K,, - fcjo) =k(JJ) , etc.,

<!:)
can be obtained as

\Kiq/ kio (. kiQ^ kn)^ ^11^10

kiikio^ J+ -

considering terms up to

»(i)-
Values of

etc., would be derived in a later section.

Thus

(4.4)

, (n-l)/t,J Koo) ^(ooo)
1^1 — /CqI "T: „ I- I 1-2 Z-S' . 71 /Cio V Kjll /Cjo

^(io) ^(loo).. (4.5)
kiikio J

Second Moment.—Squaring both sides of Equation 3.3 and
taking expectations we getj-:-

, ; 2 (« - 1) ^ , (n - 1)^ ^
fi2

m

Mo " V^io

can again be written as

(fc)'o+")'('
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or expanding the factors

it)
X

1+ + (^11 -
Hi kh'

, 2K:_o - , 3(JSTio - _ 4(K^o-
1 r. r 7

^10 ^10

Multiplying and taking expectations we get,

(^fcuV |i
^VWo) ~\Jho) ^10^ fcio'

Jr Ir I- Jf ^ k ^KiiKiQ K'llK'lO "•10 k\i^kio ,

(4.8)

Similarly,

and

K„ =EiK„ - +t„) |!1 (l +
Alo /Cio \ t^n /

X(i + ~̂
10

^10 L ^10
+

"•10

<?) ' "
k,^k + ^01 j 1 +

^a
•)1"-10 't'lO

kiJc^o ^11^10^ J.

= EiK,^ - ko^ +

It 3''10

(4.9)

(4.10)
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Adding equations (4.8), (4.9) and (4.10), we get

^a

,Ku)

D
n

+
1r 2

• +

^11

iC)
^11^10

+ ^01 n +
o
1r 2/vir.

7_ a 7_ 7_ I 7_ 7_ 9.Z' 3/vin A:nA: 1r k ^ JJU'^IO

{n - ly (k,,y[ (oo) _ (ooo)

-G!), -GJJ). k;;)

(
kii^kiQ j

Similarly and were also obtained.

kiikiQ kiikio^ k^i^

(4.11)

M3'= (i5*°) +3A:oi^ + +
:>(«—!) ki

n k.

00>
k

X
k 10

+ fcoi^ )1 + 1r 2/vin

+
(

111>

100;
!/• Jc ^ + '^kgl J —

/OOlV , /100\(no) ^HmJ
k It

1r 3'VI n

(ij)
kixkjQ

"O, k;")
k 10

+ kil ^11^10 J _
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-P ,

14

3(«.^i)Y/c„.y
Uio/

/c 2 +
'•11

k 10

+
MO

k.-^k-

3k
ir

+^01 |1 + ~r 7. 9.
h 2^10 Ir 3^10

^n^-0 J_

-GJ) -(;»)

ni

(n-DV/cuV
Vfc,o>^ . ^ 2'^lO Ir 3

+
<^(111) 'Kli), "K™)

X- a 77 n "r j. 1, 9ki^k-i ^11^10Ml

3A: ci) _!iPr
^11® ^11 J_

(4.12)
+

4(«-l)A:iM4' =4/t (5*1^) ^01 +6^oi^yc

kiikif)

+ 3A:oi 1—

(
111>

1.00;

"11^10

^0

OP

-

iQ'iQ.!®]
^10^ ^11 ^11^10 j

/lOON

\oii;
(??)

A:

^10

/100>

Vlll;

i-U
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'iw•.so 2k

k 11

/lOON

\on)
^10

•'O'O ••(Hi)
" + 7, 2 •

4&

^10

11

^11

6A: (

•+•
(
iir

loo>

11 "-10

2k-

•+ 2koj\—

io>

k-,;kll"'10 ^ii^io^ no

10

110

ADn
4/c (

i'^ll^loV-'

4(n^mk,,y
+

«?...>;.Uio/

:€n) .".lin) >^g)
/niN

VOOO^
" -1^ '̂ 011 i +

Ho

' ^1.1'

: 3^ <001J
+ Ir 2,/• •: fio

Wk

1r 3'^lO

. ,/ -i-.. J_ 3 -r » 2 Ic '^k "'•
ACii '^ll '^ll '^lo

tlAo^^ii^io
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kiikxo

40/fc

k^k,n

+

111

000^,Q -C
kia^k10 'til *-10

+

^1] (4.13).

5.1. Methods to express functions such as

KP.
etc., in terms of the cumulants have, .been given by R. A. Fisher.®
Reference may also be made to Advanced Theory of Statistics,
Vol. I of M. G. Kendall.^ Some of the values which have been

derived for the investigation in hand ware tabulated bilow.

/iii\ ^ /ioiv_^ ,mi\_k,,
''\000)~n^'

kaolfi30f>02 2knk kxik^
Vliojl n

k
" Mil/-

+ +(n h 1) V.»(m, —1), . n{n —1)

^03^20 I ^^ki^ki:
+ :^{n-\) .-nin - 1) +

K^k.ai"-02

/ 111V ^ V- •6^22^11 •'• Y--yk2ok:
\1417 - - n(n - 1) ^ «(« -

•I ' ' i •>' 4- ^ ic ^ (w —2)

«(«-i)

3^31Aro2
1) «(«—1)

la same ras
';/ - - V' ..

viou'

2^11^ I ^^11^20^112
+ ;+•-V(n'̂ l)2 ' ^ :

The las^ expression :has also, been derived by M. B. Cook.®
It may also be noted that for instance, the value of



204 ' jotmNAL OP l^ iNDiAi^ SOCIETY OF a6r1cultur^

etc., since \ V' ^

(JJJ) = M(^^ii - fen) (^io - ^lo)
r.

•= E(JCix —Ar^) (^Tjo —̂ lo) i.^11 ^ii)>

and similarly for others.

5.2. Values of the bivariate cumulants can be derived from those
of univariate cumulants with the aid of thfe method of symbolic opera
tion given by M. G. Kendall.® These expressions already obtained
by M. B. Goblc'bill also verified are as follows:

' , . ^10 ^ /^lo • ; I

• ^20 ' ~ f' 20 f' 10^

^30 ~ A''30 — aoF 10 "t" 2/x. jLQ®

. ^11 = /"'ll —H-'iol '̂oi

kx2 •= f''l2 ~ l '̂lol '̂o2~ 2^ ll/^ 01 "I" 10 .

^13 = A'i3 —l '̂osl '̂io — 01 ~ 02^ 11 "h 02^ loM 01
. . : + 6/i'iifA'oi^ 6/i oiV 10- ' •

^22 = f^'22+ 2/i'2ofi'ai^ — ~ 12^10
—l/i'ii® 4" 8/i'nfA'iofi'oi ~ 6/i'ioVol^ '+ VioVc2

^23 —/ '̂23 ~ + 2fi'o3/i'io^ ~ / '̂oB '̂ao
+ 12/i'i2fi'll/ '̂oi 02/^ 21 + 12/i'o2f'''llF' 10
— 18/i'o2/-''oif'''lO^ 3ft 02f^ 21 "1" 02M' llf^10

—18fl.'o2/ '̂oiF'lO^ + 6/i'o2M'oi; '̂20 + 6/i'2lf<''ol®

H" + 24/a 01V 10^
, —6;i'oiV2o

^33 = p'33 3fi'22fi'oi + ~ 30H- 01®
+ Sfi'so/i^Olf' 02 F sof'' 03 3/i 23^^ 10 32/^ 11

+ IS '̂aa/ii'io '̂oi ~ 9/i'2i/ '̂i3 + ,
—54/i'2ifl'iofi'oi® + 18/A'2lfi'loF'o2 —̂A''20/f.'l3

]8/i'2lft'llf'''oi —54fl 20f^ lof' Olf'' 02 "1~ 20/' IcM 03

+ 6/x'i3/i'io^.+ 36fA'nfi'i2f'''io ~ 54/a i2f' lo^M oi
+ 12/li'ii® —108/i'nVio/ '̂oi + 216/i'iifi'oiV'oi^
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- 54,.'n/x'ioVo2 -

6/i'ioV'o3-

6. With the help of the formulie derived in Sections 5.1 and 5.2,
moments of y given by equations (4.5), (4.11), etc., cari be expressed in
terms of the moments and product moments of the joint distribution
(x, j). However cumulants of y distribution, required for the Cornish
and Fisher's procedure for obtaining the "deviates are tedious to be
worked out algebraically. The procedure was therefore illustrated
with numerical data in the following. sections.

6.1. The data pertained to random samples of individual buffaloes
were collected in the summer season in the-city of Calcutta, x stands
for milk yield and y for the butter-fat content.

, - • - • •;

lyloments and product moments of th,e biyariate, distrife,u.t\q^jf
(x, y) estimated from 200 samples were as follows: , jvii-!-;

/ '̂lO 7-4150 ^'01 .== 7•0805

/ '̂ao 56-9050 = 51-3613

m'so - 450-9350 m'o3 = 381-9086

A'40 = 3679 -1050 -^ P-'oi = 2910-0041 •

/^'ii == 51-3425 = 385-7785

^•'12 363-9004
•V; ? .

^•'22 '= 2673-4224

= 2643-1185 18968-4241'

^'31 = 2998-4375 l '̂32 20344-9938

= 141132-9408.

6.2. Cornish and Fisher give an expression •for-the deviate^
for any distribution as an adjustment to the corresponding value of
;!C, the normal deviate for the same level of probability. This adjuSp-
ment consists of terms with polynomials in x and terms with coefficients
a, b, c, d, QiC; some constants depending on the cumulants of the, ,
distribution under consideration such as /q —w = av '̂̂ , k^ — v ='fiv, '
kg = cv"*, k'i = dv^, •Ari(-=';evW2, fci ' etc., where ki, k^, k^,
etc., are cuinulants pf- the distribptipn under;,eonsideration and m and v
are the inean and variance of the selected normal distribution. We

may select m and vto be the same as those for the distribution in hantf:''-
Hence, m = Atj, v = and both a and b become zero. =
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The expression given by Cornish and Fisher reduces to:

;c =^ - 1) +i d(x^ - 3x) - ~cH2x> - 5x)

:-~cd{x^~ 5x^ + 2) \2)

-:^d^Ox^,-^2Ax^ +29x)

+.^ (c2fi?)'(94;c« - 103;c« +107x)

-;^c^(25a:S- 1688x3+11511x).
Fdr '/> = 0-l6, x = 1-28155 and using the numerical values for the

-polynomials in x, given by the sairie authors, the'expression can be
written as:

I = 1 -28155 + 0-10706c - 0-07249^/+ 0-06106c2

+ 0-14644W- 0 -11629c3 + 0.07776^??

- 0 -10858c2^^ + 0 •09585c^. --- -

By substituting the numerical values of c and d, c^, d^, etc., values of
I can be obtained for each" case. . -

For herd size, 5, for instance

^^1=6-9547,"
k^^'0-220ip''
its — 0-0143, ' V !v:c

0-4862,:- -

; S':"'4380ii.,'• i,.'. fi ''f; •ru""' fi
" •-z't''A;:,-:':.

•</• = 3-8312. • V;^

v:"'i=-';/-i'?'• •

, ^ t--x:= 0-00003:^;P-00791 + 0; M1:39 ^ 0^00032:jr;
-i.c-uir;: :;j:|_:cjVo77^ 0-27772^-0-^1^477'" •^

/wherC' \ ^ ^ h:

_T ,;x •= 1-28155'j" ••• PO-
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for .i- ; . v:""

p =0-10.

Thus

f =1'20040.

Tolerance limit at 10% level m — is then

6-95475 - 0-56418 = 6-39057.

This limit is denoted by Ti.

6.3. As can be seen from the illustrations the calculations involved

in the estimation of the "tolerance limit are extremely cumbersome.
The jpossibility of using simplified approximations was accordingly

..explored.In the, first instance, the nature of-the distribution: pf ^-.fpr
.yatious, values of,herd sizes ,was, examined,Jn Table-;I_yalu^s ..of
the cumulants of >> were given for. herd sizes 5, 10, 25 and;,5b^c,,;|;^^^.

.Table,,!---.;:

. CMOTM/an ,

n k. . ki •
•> i'.S'? ;(•>[ -m

5 6.9547 0.2205 0.0143 0.1862
"tti ;o'i .> vo'l

10 6.9392 0.1106 0.0058^, 0.0486

25 6.9302 0.0435 0.00^;v;..|).003^

50 6.9271 0.0218 O.OOfO^fi «O.OOJ5

It can be seen from Table I that the third and'feurth cuinulants are
small and decrease repidly as the herd size increases. The normality
of ^ distribution was tested by means of Fisher's and ^2 statistics.
This was shown in Table II. m.-..-:

6.4. It is clear from Table II that y distribution can be ageb^ed
to be normialOfrom herd? size 25vohwards'.0CTia? calculating limits or
wheni one.^s interested inlimits-for,^ large hei;d';Sam normal approxi
mation for y disMbution can be used, thereby .neglecting the third
and fourth moments of^" distribution and thus simplifying tlie i&ethb'd.
This limit obtained, on the assumption of normality is^designated Tg.
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• Table II , . r

n gi gi •y-e-fe)

5 0-14 0.91 8-6** 2-00

10 0.14 0.68 3-9** 1-33

25 0.11 0.46 0-3 0-90

50 0.03 0.33 0-1 0-16

6.5, From a large number of distributions studied under the
Council schemes, it has been observed that the marginal distributions
of milk yield ahd butter-fat are non-normal. For instance, in the
example considered in Section 6.1, we find:

^'io = 7-4150,

;a'2o = 56-9050, ; •

^30 = 450-9350,

iy/40 - 3679-1050

and

,.'01 =^-7-0805,

= 51-3613,,

• ja'o3 = 381-9086,

4=-2910/8041... ' ; . .. .

to be the first four moihents of the distribution of jv andj' respectively.

For distribution of :'i:,

=0-0310; "

^2 = 2'1137 • ; f - ^ '

and for the distribution of y,

= 0-3976; ^ ;

.•.:582 = 2-5533. . . - . • • . • •
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From the AT-criteria, we can observe both the distributions, to be
Pearson's Type I. Thus the joint distribution of x s.nA y is non-normal.

If the cumulants of order, higher than two, could be igiiored (j.e.,
= Q for all /• + j > 2), the four moments of / distribution can

further be simplified. With the aid of'these four moments, of diS"
tribution, tolerance limits can be worked out in the same way as in
the earlier case, These limits were denoted by Tg and T^. is the
limit obtained by the aid of Cornish and Fisher's procedure. is
the limit when the third and fourth moments of y are neglected.

In Table I limit Ti is the actual limit calculated with the aid of
Cornish and Fisher's procedure, is the limit when normality assump
tion is made for the distribution ^. Iii calculating and Tg, cumulants
kf,, for r-\-s>2 are not neglected.

: 6.6. Another approach to simplify the procedure considered
was to calculate the tolerance limits on the basis of the. assumption
of normality for the distribution of simple mean ofbutterrfat itself as
was done previously in an investigation of I.C.A.R.® The mean.,and
variance pf the distribution of the simple meanof butter-fat.are taken ,
as )in and'o;/5',,Jvhere m and cr^ are the mean and variance of y distri
bution. Hence the limit m —ftr/S'n can be easily calculated for any
desired level. These limits designated as were also given in the
last column, so as to examine the possibility of adopting this extremely
simple procedure for practical purposes, if empirically justified.

6.7. table III gives the various estimates to Tg for the data
taken for illustration. ' • . -

Table III _ . .

Tolerance limits (j? = 0-10) for butter-fat content of herd milk samples
of buffaloes—-Calcutta City—Summer

;r(Herdsize) T,

5 6.41 " 6.35 6.39 6.36 6.44..

10 : 6^46 6.51 6.54 6.53 6:63 •

2.5 , . 6.68 6.66 6.68 6.67 6,80

50 6.76 6.74 6.75- • 6.74 6.88': ^- -
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We observe from Table III ttiat limits Ti, T^, Tg, do hot differ
. much and ,tp ,be an overestimate. Thus the use of simple Tg proce
dure will, lead to more , stringent limits being fixed than aimed at.

7. The. problem of "estimating-tolerance,-liinitS" for mixed milk,
where the milk samples are of both buffaloes and cows, is still to be
solved. Since a mixture oif two non-normal populations is involved
the case is more complicated. Solution to this problem is also being
investigated.

' 8. Summary

A procedure to estimate tolerance limits for quality characteristics
of herd milk from data on individual samples is given and,illustrated
with the ,help,, of the data collected under the schemes of-I.C.A.R.

n n

Cumulants of a weighted mean y = E Xiyil:S Xi of the butter-fat

"content weighted with milk yieldf .of different cowS; were worked out
utilising .Rsher's ./C-statistics., Adopting the Fisher and Cornish
approach the tolerance limits for ^ corresponding to a prescribed level
was then, illustrated.; The nature of the distribution; of was also

..studied. More apprpjcimate, but simple methods, ofspbtaiiiing the
limits were also compared ,with, the; liniits obtained by the procedure
described above. ,•. x;j. •
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