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1. INTRODUCTION

WITH a view to reviewing the existing quality standards for market
milk data genuine milk samples of individual cows and buffaloes
were collected from Punjab, Bihar and W. Bengal under schemes of
Indian Council of Agricultural Research. The only rational approach
to the problem of fixing tolerance limits for any characteristic of milk
is one based on the study of the statistical distribution-of that charac-
teristic in genuine samples of milk. Appropriate Pearsonian
curves were fitted to the data for each of the characteristics butter-fat,
density and solids-not-fat content and tolerance limits at different
levels were estimated.! However market milk is often not the product
of a single animal but a pooled product of several animals. Standards
fixed for milk from individual animals need not apply to the ‘bulk’
milk. In fact standards set for individual animals will be-less stringent
when applied to ¢ bulk > milk and thus there is a danger that substandard
milk will be accepted more often than the proportion agreed upon.
It is thus necessary to devélop standards for ‘ bulk’ milk. A method
for estimating such standards from data for individual samples using
bivariate K-statistics is given with illustrations from a part of the
data collected under the Council schernes referred to above. Simple but
more approximate methods for estimating the tolerance limits have
also been discussed.

2. NOTATIONS

K-statistics were first introduced by R. A. Fisher in 1928. In
his paper? properties of K-statistics and methods for obtaining the
product moments and cumulants were given. The following notations
adopted by him will be used in the present paper.

Suppose we have a set of X’s x;Xy%;3 ... X, and »’s Vs« Ve
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Symmetrical sums
X3+ Xo+ ... x, =85
A R
X1t XpVp T XgPs + ...+ XpYn = Sp-
In general, ' _'
XY+ XYt XY = S
K-statistics are symmetric functions-of the observations and are
such that
EK,y = k.o, EKy =ky, EKyy =ky, etc,

where ky,, ko1, kip, etc., are population cumulants.

e.g.,
S .S
K10=—;;“0; Km:?01
K —————l——(nS — S10501) et;:
ll—n(n___l) 11 10%-01/» .
Also

E(Kyy — k1) (Kyo — keyg) is denoted by kG :
.
By = K)* (K = ko) e = b = ([ 717)
3. 'ESTIMATION PROCEDURE

Let x and y be two intefrelated variates corresponding to milk
yield and butter-fat respectively. ' -

Let x1x9%x5 . x, be the milk yields of cows of a herd of size n.

Let y1¥,¥s . .. ¥, be the corresponding values of butter-fat content.

The average butter-fat content, §, for the herd milk under considera-
tion is the total fat content divided by the total milk yield. Hence

=x1J’1 +'x2YZ+X3y3+ -..-+ X"V”.. - (3 ])
x1+x2+x3+...+xﬂ J.

Equation 3.1 can be written as

<

£

l

(3.2)

<
|
A
o
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This can further be expressed in terms of bivariate K-statistics as follows:

(n—1 Ky
Slo = KO]_ + n | Klo V (3 . 3)

y =

Quality standard or tolerance limit for the characteristic butter-fat
of the herd milk sample is the deviate of the distribution of y at the
desired level.

moments and ‘product moments of the joint distribution of x and y;

. assuming such moments exist. From such moments cumulants of
7 distribution can be estimated approximately. Finally following
the procedure given by Cornish and Fisher® the deviates of the distri-
bution of y can be estimated, utilizing the estimates of cumulants
of 7.

|
7
\
\
|
Moments of J distribution can be expressed in terms of the

4. MOMENTS OF J-DISTRIBUTION

] First Raw Moment, p,'.—Taking expectations of the equation (3.3)
\ p, can be expressed as

L= Kn

My = Ey = E’K]l n K o (4.1)
}
\ EK,, = ky, where k,, is to be noted as the cumulant.
3
‘E—ll 'can be written as
' ’ ' kll ( kll) ( kll))
1 1 + 4.2
| ' k1o + ku “-2)
where Ky, Kio, etc., are bivariate K-statistics and Ky, kyo, etc., are
bivariate population cumulants.. The expression (4.2) can fulther be
| expanded as
4 ku( ku) ( klO Ko — Cro — Kio®
1 1—
- k1° + + k1o
' =K G0 — o’ ) ‘ o 4.3
s _ Teye® 4.3)

Considering terms up to cubic order in the binomial expansion.
' Since

E(Kn— ki) =0,
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; ' 11
E(Kyy — k1) (Kyo — ko) =k (10 , etc.,

K
E (—H)
KIO

can be obtained as

111 1
p(Ks ku{ ¢ (oo o0) ¥ (oo

1 — -
Kio k1o + k1o® kyo® k1ikso

111 -
k (100 } (4.4)

kllklo

considering terms up to
1
oz
Values of
11 111
k,_(OO . k \000
etc., would be derived in a later section.

Thus
( % (11
_ (n—1) l)ku 000
'ul _k01+ n 1'+ k,? o kyo®

k 111 ‘
B (10 100 §.. @.5)
) knkio kkse?

Second Moment. ——Squanng both sides of Equation 3.3 and
taking expectatlons we get,——

2(r—1) Ku ("— 1) (Kn)2
2—EK012+——n—— KK 1+ EKm
5y

. K]_o'

can again be written as

A (i N (e )
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or expanding the factors

1&1)2 {1 + 2Kn — kn + Ky — ku)z}

N k1o k11 ki,®
2K k 3 (K - k )2 4 (K10 e klO)
s §1 _ 2820 = 1o 10 10, }
{ k1o +3 kyo? kyo®

Multiplying and taking expectations we get,

- (ay (s 2e) o

E 1 —
Ko ko + kyy? kyo®
111 111y
_4k( ) 6k (100 n ( _2k(110}.
kyaikio kikio® kyo? ku?kio
4.8)
Similarly,
2 Ky = B — ko + ) 12 (14 527 "n)
. 10
(1 + kLO -1
110
ks [ Lk (001) N (
kg km k1o . ky
110 111
k(101)+k {1 +k( 000
ku 10 u kyo® - kma
k ( ] 111
_ 10 100 4.9
knk.(')‘ kukm A
and

.E‘Ko]_2 = E(Ko]_ -— k01 + k01)2 i s TEl

—k (‘1"1’) kot (4.10)
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Adding equations (4.8), (4.9) and (4.10), we get

po' =kon®+k ( ) + l)_kn [~ ( k ((1)(1)?

) ko kyo?
o <)k*1a$“ { G
: Ky kikge ko |1+ 5 k1o®
111 ( (11]
000/ 100
kio® kukw kiikio?
: 111
G (n — 1) (kn) { 3k (00 _ 4k (000
kyo® kyo®
ik ( 6k (111 (
_ n 100
k11kso ky1k1o® ki
i 111
I B 2k (] 10 } B (4.11)
' k1Ko

!

Similarly p;' and p,’ were also obtained.

, . (000 00 >(n—1) ky
221 _k (]11) +3k01k (1])+k113+

n T
001 100
k
00 (110 (1
X [" (i) - Fao
111 11
+k'2{ ( _k000 _k(IO
o k:o kio® kiikio
111 ’ 10 110
i ( } { £ (o) | *(
100 01 001
2k
knk:lo + 2o k1o + kio?

T e Trtezo

f(1) (ié?)}]
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14

, 000 .00y
by = 4k ( )’km + 6ko.12k (11) + kot +

1

1 011
+3@~4V &0 [_2k(m +3k 100,
n? . klO klo k]O2
k(ﬂ? %(w 4ka
e i 11 _ 110
ky? ki : kyikyo
{ 3k( 4k(&é ( )
Tho (Tt T Ty nr?
(111 111
_ _2k (110 . 4k ( I 6k (100 }]
ko - kyk o kyikio? ),
11 111y-
m—l)ah)[{+fkoo__mkgm
ko kyo? kyo®
111 111
kC“ ;9k( kam
kyy® kyikag kykyo®
111
+3k( ) _9k (110 }] (4.12)
k11 kiy%kio

4(n— 1) kyy

n k1o
’[ { P ( ) 111
1 00y L e 000

X kﬁn)+m11+-k2 — ho

11 i1
: ( } {
10 100
_ T 3k
Tk T kst § T ke

011) . (1 011
100 “\11 110)

T T TEL T Tk

100 100
: k
+3k01{ 011 )+ (111 }]

111

S




202 . JOURNAL'OF THE INDIAN SOCIETY OF AGRICULTURAL STATISTICS

\'\u ' 6(n—1)2 ku) [k 00 2 (011

~h? k1o 11 %10
) G
k11 + kOl 1 + k 2
, L1 111
e (000 ( ) _ 2k (110
kyo* kn® k‘u%m :

k11k10 N k11k10

110 1Oy ., (10Y 3
3"(001) \k(m) %y

klU kll ’ - k11r

o 110\)7
4k (011 }] R
“ , "ft\:":" v - k]_]_kl()!;" > o ‘:"'.:!":’:;’C‘
a5 ) 110
_3k ( ) {6k (001

- - k10 k1o

71 110 10y
), 7_3" (111 | 9" (1@1

skr ki knkm

) B 1’1 _ 10k ((1)(1)(1)
St

2
: k_m_

- _ 4k ( 6k (}(1)3) } . 2k01;;,{ 2k ((])
. k.

(n—-l) ki
nt kio) [{
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16k (5, 24k(“1 IOkGé'éf

110
kako Kiok1i® . 10
111 111\)7]
+ 40k (001 _ 20k '('000 }] . 4.13)
'k102k11 k1o .

Methods to express functlons such as
( k 111
OOQ_
e,tc.,» in terms of the cumulants have  been given by R.'A. Fisher.?
Reference may also be made to Advanced Theory of Statistics,

Vol.'I of M. G. Kendall.* Some of the values which have been
derived for- the 1nvest1gatlon in hand were tabulated b:low.

k( Lo, k(Ol '_kr ( k02
o) =52 ()=t w()-L
.k (ii(l) K k32 + n é‘"aokozl) * nz(lrctnfli) T n?r?fzol)
k (H?) _ k23 nl(c’zakzo) + n2(l’c:{cli) . k;:lfozl)
3—(1: 2) kalkm + n((n 21))2 Feagkos -
‘ ’T +(2hbr+2gf?gy'. .

The last eXpresswn has also been derlved by M. B. Cook.

1t may also be noted that for mstance the value of

1y s
"(uo,g T

is samesas
Lo 11y i
E .";-:(1'01' R

Y
(
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etc., slnce\ ' : ‘,-'

111
110) (K — ) (K — o) (Ko = K)

= B (R — k) (Kyo — o) (Kg — K,

i

—~

and similarly for others

5.2. Values of the b1var1ate cumulants can be der1ved from those
of univariate cumulants with the aid of thé method of symbolic opera-
tion given by M. G. Kendall.® These expressions already obtained
" by M B. Cook" but also verlﬁed dre as follows
4 o __,,kIO —“.“-10 _ o . ‘

< kg =20 — B10®

1

k3o ”‘i"ao —3u’ 20F' 10 + 211'10 '
Ckn —l‘-n_‘l"wi"m
" ke =;PJ’12 1 108 0g— 2.“ 1t o1 2101 % 10 .:
kis =p'15 — ot 10 — 3!" 12t 01 — 3¢ eakt' 11 “l“ 61 02k 101 01
4 6y 0 — 60 %0 - - .
) kyp =p'se — 200t 0 + 21201 02% — 120k 02 — 2112110
—2p'y® + 8p' 11k 10k 01 — 6ﬁl10%ﬂ’o12 + ‘2.‘"102,""02
keg =p'sn — 2113110 +.2I"'oal"'102 —‘I‘"oalﬁ"zo — 3p'21' 01
A 120 o 1 0 — 31 et e+ 120 00 11 10
— 18p/ oo 01t"10® — 3p'oztt'ms + 120 02 't 19
""18I"'02.“"01I"'102 + 6["62#5’61#'20 + 6’ 0n®
A+ 12y 11!" oL~ 36.“' up o .“ 10 -+ 240 61 % 10°
=6ty 20 )
kaa. =p 8 3 22!" oL ‘l‘ 6’ 31!" 0’ — 3!" 31!" 0z — 61 aoF' o
’ + 6#* sl o1 03 — a0k 0s — 3¢’ 23lt'20 — 9,“ 38h 11
‘l‘ 18#' 22!‘ 10!" o1 — 9 a1it'12 + 36p 21!" 11}" 0% :
— 54p' 2141' 10t 01” + 18.“' 2114 101 02 — 3."« 20# 13
+ 18 sy 11 01 — 541 a0 101 ‘o1t 02 + _6P~ 20# 10.2‘:};03\:
+ 6!‘«'13#'162 + 36}"’11!.".,12“’10 — 54H'12l"}ogﬂ’oi ‘
+ 12p';® — 108p" sy % 201 01 + 216MI11P;012MI012

e dems
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— 54p'11p'10 .“ 02— ]20# 10 .“' ‘0® -+ 2y 10- Bulortties
A— 6,“'10 Noa

6. W1th the help of the formulae derlved in Sectlons 5.1 and 5.2,
moments of j given by equations (4.5), (4.11), etc., cah be expressed.in
terms of the moments-and product moments of the joint distribution
(x, y). However cumulants of y distribution, required for the Cornish
and Fisher’s procedure for obtaining the deviates are tedious to be
worked out algebraically. The procedure was therefore illustrated
with numerical data in the following sections.

6.1. The data pertained to random samples' of individual buffaloes
were collected in the summer season in the- c1ty of Calcutta, x stands -
for milk yield and y for the butter- fat content

Moments and product moments of the b1var1ate dlstu
(x, y) estimated from 200 samples were as follows:

p'r0 = 7+4150 - ploy = 7-0805

Wap =56:9050 - . 'y =51°3615

W3 = 450-9350 ' Wy = 38149086

g = 36791050 7yt 03 =2910-0041 " - © ¥
W'y = 51-3425 Ka =575 A
iy = 3639004 Wi S 2673 4224

Wi =2643-1185 'y = 18968 4241

Wo =2998-4375 N = 20344- 9938 o

'y = 1411329408,

6.2. Cornish and Fisher give an expression:for-the deviate £
for any distribution as an adjustment to the corresponding value of
x, the normal deviate for the same level of probability. This adjust:®
ment consists of terms with polynomials in x and terms with coefficients
a, b, ¢, d, etc., some constants depending on the cumulants of the.r
distribution undeér consideration such as ky —m=av/? k,—v= ﬁv :
kg = cv¥2, k= dv?,- ky="ev¥?, = fy12 Teto., where ki, ks, ks,
etc., are cumulants of the dlStI'lbllthIl under, con31derat1on and m and v
are the mean’ and varlance of the selected normal distribution. We
may select m and v to be the same as those for the distribution in hatdi=
Hence, m = k;, v =k, and both a and b becomezero. : - .



206 “JOURNAL OF THE INDIAN'SOCIETY OF AGRICULTURAL STATISTICS
The expression given by Cornish and Fisher reduces to:

§-—-x=~c(x2—1)+ d(x3 3x)—lc2(2x=—5x)

’ 1 5 2
) cd(x 5x —{—2)—1—324

v____, 2 b 3 / .
324d (3x“.24x +29x)

288 (c2d) (94x5 ]03x3 + 107x)

1
7776

" For p =0 10 x—l *28155 and usmg the numerical values for the
'ipolynomlals m ‘X, glven by the saine authors the expresswn ‘can’ be
© written ‘as: S
£ =1-28155 4+ 0-10706¢ ~ 0-07249d + 0-06106¢2
4 0- 14644cd — 0-11629¢? -+ 0.0777642
© - 0-10858¢2d + 0-09585¢*.

c‘*(25x5 - 1688x3 4+ 11511x)

By substltutmg the numerical values of ¢ and d, c2 a’2 etc values of
£ can be’ obtamed for each case. ’

For herd s1ze 5 for mstanCe

Ly

"k 6 9547 o
5 '20-2205;" B R
g =10-0143; s :
r—-k4 =0-1862,-

Ly '1?-28'1*55

¢ (I2x4 33x2+ 12) .
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fOl.' : . |
; p=010.
Thus
£ =1:20040,

Tolerance limit at 10 % level m — §v1/2 is then

6-95475 — 0-56418 = 6-39057.

This limit is denoted by . T1 »

6.3. Ascan be seen from the 1llustratlons the calculations involved
in the estimation of the tolerance limit are extremely cumbersome.
The possxblhty of using “simplified approximations was accordingly

.explored. . In the first instance, the nature of-the distribution: of ¥ for
. yarious., values of, herd sizes ,was, exammed .In Table ;J values_of
_the cumulants of 7 were given for herd sizes 5, 10, 25 an 50

- {TABLE I~ S
Cumulants of y- dzstrzbutzon E

5 6.9547 02205
0 6.932 01106
25 6.9302  0.0435 .0.003
50 6.9271  0.0218  0.0010 ¢ 0.0012

~Tar v

Tt can be seen from Table I that the third and'fourth-cumulants are
small and decrease repidly as the herd size increases. 'The normality
-of p distribution was tested by means of Flsher S g1 and $2 statistics.
‘This was shown in Table II.

6.4. Tt is clear from Table II that p d1str1but10n can be expeéted
to be normalifrom Herd size 25° onwards.¥1n caleulating limits or
when; oneis | interested in limits, for .a large herd- sample, normal approxi-
mation for y distribution can be used, thereby neglecting the third
and fourth moments of y distribution and thus simplifying the method.
This limit obtained on the assumption of normality is-designated T,.
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TABLE II
n g1 © - se.(gy) g se.(g)
5 " 0-14 0.91 8:-6%+  2.00
10 0.4  0.68  39%c 1.3
25 0.11 ©0.46 03 0-90
50 0.03 0.33. 01 0-16

6.5. From a large number of distributions studied under the
Council schemes, it has been observed that the marginal distributions
of milk yield and butter-fat .are non-normal. For instance, in the
example considered in- Section 6.1, we find: ‘

W'io = T-4150,
Wao = 56:9050,
' ,u;(,: 450+9350,
40 =3679:1050 .

and
" wor =-7°0805,
poe =51 -3613',‘
" pos = 3819086,
Wos=2910-8041 . = __ .

to be the first four motnents of the dlstnbutlon of x and y respectlvely.

:For 4d1str1bu_t10n of x,
B, =0-0310;
2, — 2+ 1137

and -for the distribut.ion.of ¥, -
By =0 3976;

.A;-ﬁz*z 5_533.



k-STATISTICS. IN, FIXING . QUALITY STANDARDS: FOR ‘MARKET MILK:209

-From the K-criteria, we. can -observe both "the distributions. to be .
-Pearson’s Type I. Thus the joint distribution of x and.y is non-normal. -

If the cumulants of order, higher than two, could be igriored (i.e.,
k., =0 for all r 4 5> 2), the four moments of y distribution can
further be simplified.. With the aid of these four moments. of .7 dis-
tribution, tolerance limits can be worked out in the same way as in.
the earlier case, These limits were denoted by T:, and T,. Tjis the
limit obtained by the aid of Cornish and Fisher’s procedure T, is
the limit when the third and fourth moments of 7 are neglected.

In Table I limit 7 is the actual limit calculated with the aid of
Cornish and Fisher’s procedure, T is the limit when normality assump-
tion is made for the distribution'y. In calculatlng T1 and TZ, cumulants
k,,, for r-s>2 are not neglected. :

. 6.6. Another -approach to -simplify - the procedure” considered -
was to calculate the tolerance limits on the basis of the assumption .
of normality for the distribution of 51mple mean of. butter-fat itself as .
was done prev1ous1y in an mvest1gat10n of L.C.ARS® The mean and)
varlance of the distribution of the simple mean of butter-fat are takenf_
as m and a/S _where m and o? are the mean and variance of ¥y d1str1-..'
butlon Hence the limit m — ¢o/S, can be easily. calculated for any
desired level. " These limits des1gnated as Ty were also given in the
last column, so as to examine the possibility of adopting this extremely
simple procedure for practical purposes, if empirically justified.

6 7. Table II1 gives the various estlmates T, to. T5 for the ddta.
taken for 111ustrat10n

TABLE III

Tolerance limits (p = 0-10) for butter-fat content of herd milk samples
of buffaloes—Calcutta City—Summer

. n(Herdsize) T, T, - -'~T3- T, - Ty mel
s 641 635 639 636 644 .
10. 6.46 6.51  6.54 6.53 663
25 . 6.68 6.66 6.68 6.67 680 . .

50 6.76  6.74 6.95  6.74 688 ‘o
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Weobserve from Table III that limits Ty, Ty, Ts, T, do not differ
_much and T to be an overestimaté, Thus the use of simple T;; proce-
dure will lead to more. strmgent hrmts bemg ﬁxed than armed at.

7. The problem of estrmatrng “tolerance 11m1ts for mixed mrlk
whete the milk samples are of both buffaloes’ and cows is still to be
“solved. Since a mixture of two non-normal populatrons is involved
the case is more comphcated Solutlon to th1s problem is also bemg
investigated.

8. SUMMARY

A procedure to estimate tolerance limits for quality characterlstrcs
-of herd milk from data on individual samples is given and. 1llustrated
wrth the. help of the data collected under. the. schemes of -I1.C. AR.

Cumulants of a werghted mean y= 2 xgy, /Z‘ Xy of the’ butter-fat

Ld=1

content werghted wrth mrlk yrelds of different cows were worked out
_utilising _Fisher’s K-statistics: :Adopting the Frsher and- CormSh
' approach the. toleranc\. limits for y correspondrng to a prescrrbed level
-was then. 111ustrated ‘The nature of the distribution -of 7 was also
studred More approxnnate but simple methods, of obtarnmg .the
. limits were also compared .with, the limits- obtarned by the. procedure
f,descrrbed above B o s "
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